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Emittance Growth due to a Small 
Low-frequency Perturbation 

King-Yuen Ng 
Fermi National Accelerator Laboratory,’ Batavia, IL 60510 

Abstract 

With a small low-frequency perturbation, the transverse emitlance of 
a storage-ring beam will grow. The growth mechanism due to beta- 
tron tune dependence on amplitude is discussed in the Hamiltonian 
approach. Applications are given when the perturbation is due to 
Jostlein’s scheme’ of bunch centering as well as ground wave. 

1. Introduction 

Particle beam in a circular storage ring will experience transverse emittance growth when- 
ever there is a perturbing modulation. The growth is caused mainly by energy spread plus 
chromaticity and by nonlinear lattice characteristics. The source of the perturbation can be 
ground waves, Josilein’s bunch centering scheme, ’ rf noise, power noise, etc. The effects of 
energy plus chromaticitg have been analyzed in a previous pape~.~ In this paper, we concen- 
trat,e only on the nonlinear lattice characteristics or betatron tune dependence on amplitude. 
The det,uning is assumed to be small 50 that no nonlinear resonances will be encountered. The 
problem is dealt with in the Hamiltonian approach. Th e results arr applied to the Jostlein’s 
beam-centering scheme and ground motion. 

2. The Model 

1,et X represent the horizontal or vertical position offset of a particle. The equation of 
motion governing X along longit,udinal path length s is 

:z + K(s)X = Jdv,a,si* y @s - 2~4 > 

where K(s) describes the focusing mechanism of the lattice which can be nonlinear, R is 
the average radius of the storage ring, and v, is the perturbing tune (frequency divided by 
revolution frequency) with a, t,he amplitude per unit tune. The perturbation at the j-th turn 
produces an angular kick 

AX’ = 
J 

dv”,a, sin 27rju,” (2.2) 

LVe first define the Floquet variables 

z L 5, 

do = -da 
a ) 

(2.3) 



where 0 is the beta-function at a location and uo is the nominal betatron tune. Equation (2.1) 
becomes 

dZs 
@ - v,‘z = 

I 
dv,,,u,&&sinv,8 5 6(8 27~~) (2.4) 

nzo 

with 00 the beta-function at the location of the kick. The corresponding Hamiltonian is 

H = ; pa + ; “$2 zF(#) , (2.5) 

where the perturbing force is 

F(B) = I dv,a,&&sinv,B c 6(B 2x7~) (2.6) 
“7” 

\I’r next perform a canonical transformalion to the action-angle variables (J, r$) with the aid 
of the generating function 

1 
F,(Z>Q) = - 1y(@2ta”$. (2.7) 

Thr transf~,rrrlati,~,rl gives 

1 

% = 67 
\/ -j;, C”S 4+ * 

For the transformed Hamiltonian, we write specifically 

If = “,,,I e:;I; - {z cos$F(B) , (2.9) 

so as IO introducr hone dependence on amplitude. This Hamiltonian will be thr starting point 
of <‘UT discussion, In t,hp ahsencc of the perturbing force P(8), the betatron tune is 

u9 = g !p:*:_,, = V” n.42 (2.10) 

ahrre the bctatrc,n arnplifudr is given by .4 :: ‘iJ~‘u v _ / 0 and n is the dPl,uning. 
In the absence of the perturbing force F(B), the H amiltonian is an invariant, implying that 

the particle stays on invarianl, curves in the z-p phase space. These curves are, in fact, circles of 
crvr~stanl J. \Vith the pert,urbing force having an amplitude very much less than the brtatron 
nmpiitudr. OT 

I bna.n&i << d; (2.11) 
we as5urn~ thiit thr svs1erra remains intrgrable, at least approximat,ely. ‘The invariant cuwes 
will d<~\iill? frc,,r, (.ir(.l<.s. 

3. New Invariant Curves 

\Vr ITY in s111.r the IlarrGlto~linn in Eq. (2.9) I or eac11 prrli~rbing frequency I+,, For this, IVP 
clrfi~tr t liv fnltyrrrlcd prrlurhing arllplit uclt. Lr this partirular frrqurncv as 

h,,, E a,,, &dv, (3.1) 

‘l’hr: equiltjon of ml,ti<8n fCi,r & i9 

114 ari 
~~ ~~ :: vi, + 0 (AU& Fy) 

dH a.1 
(3.2) 



where Avo is the nonlinear tune spread due to detuning and is assumed to be small com- 
pared with the nominal tune vo. These small terms are dropped for the time being. Thus, 
approximately, we obtain 

The equation of motion for J is 

4 = 40 t voti (3.3) 

(3.4) 

Substituting Eq. (3.3) for q+(8), Eq. (3.4) can be integrat,ed easily to give 

-~ 5 ci, sin(& -f~ 2rNvo)sin 2rNu, 
n=o 

= -f; 5 ;Cos(l$t27Tn”i) c”s(~o+27rnv~)j , (3.5) 
n=” 

u,here Jo and JN are; respectively, the actions of the particle after the 0-th and IV-thy turn: 
and we has? defined 

vi = y, i v* (3.6) 

To find the invariant CUIYPS, w should look at t,hc position of the particle every perturbation 
pcriud starting from the no-th turn. In other words, there is a set of invariant curves for every 
no. Therefore, we let 

N-no+? 
4n 

fi an integer (3.7) 

The cosine series can then be summed neatly to give 

cos(&-+rNw,I m,,um)sin(?rNuo3 xnov,tw,) 

sin xv+ (3.8) 

and Eq. (3.5) becomes 

$Z ,/Ej : --%LL 1.. .) , 
4 sin au+ sin 7rv~~ 

(3.9) 

where 

{. .) = sin 2riL0vm jsin(&; 2aNvu)( COS 2avo - cos Zr;u,) + cos(q& + 2aNuo) sin ??rvo] 

co5 21m0u,, sin 27ru,, sin(& -~?sVvn) -~ sin $0 sin 27rv, (3.10) 

If w? look at the invariant CUIYCS every I/Y,,, turns starting from turn Nero (TL~ = 0), Eq. (3.9) 
simplifies to 

(3.11) 

wl,err ii? havv substit,lled $5 2 6,) 7 Zr;Nv,, ;rcclmlirlg II, 1-q. (3.3). 
‘l‘cl chrck thr cxisteucp of invariant CUIYCS n-hen the Ins1 small trrm ol’ I;q. (3.2) is included 

WP prrfr,rm a turt~-l~y-t~~rn sinrtllaticln. IniliaII~ and aflcr Y t,n~ns. Ihv p(Isitionc ofthr parriclr 
ax dvw~twl: rrsprctivrly. by .&,c id’,’ arid ,I,z.c,~ ‘F WIIPIC thr amplit~uile :I, ~1 c . ..I.i.vC, for fii~~~~‘~~~ 

j :~ U or ~7:. ‘I’hc kick a,, thr j-th turn is ii,,, sir) ‘Ji~ju,,. Thrn, following the parl,iclr turn by 
turn. WC obtain 

N 
.aNe-i@ = &&I~“+C,N=, u*l .,~ Xi& sin 2rrj”,e-~z~c:-,il “. (3.12) 

;=I 



where VI is the average betatron tune in the k-th turn and is dependent on the betatron 
amplitude as given by Eq. (2.10). In the above, the complex notation (t,p/uu), with z and 
p/v0 given by Eq. (2.8), has been used. We followed four particles which were placed initially 
on the unit circle in the phase plane (Ao = 1 unit), at phases mu = 0, ~‘2, r, and 3~12. The 
nominal tune was vu = 0.4. The perturbing frequency was fm = 20 Hz: or v,,, = l/172 for the 
SSC collider whose revolution frequency is fo = 3.440 kHz. The kick amplitude ~185 taken as 
a, = 0.1 unit and the detuning varied from 0.00 to 0.01 unit. The amplitude-phase plot is 
displayed in Fig. la after tracking for 5 x 10’ turns. The plots demonstrate the existence of 
the invariance curves for the four particles even when the last term of Eq. (3.2) is included. 
Also the results are as expected from Eq. (3.11). Th ese invariant curws are plotted in the 
phase plane in Fig. lb. 

t”“l”“I”“i”“i” ‘- 
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- 
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(a) 

~..,.l.,,.l...,l,,..r,.,.: 
0 0~2 D,4 0.5 0~8 I 

Belalra” mare in units Of 2” 

lb) 

Figurr 1: Inrariani CU~IPS frrr pilrlicl~s 1. _, 7, 3_ and .1 arc plotted amplitudP~\.ersL,s-ph8sr in 
(a) and in the Z-J, phasr plan? in lb). ‘Ihf, particlrs arc marked on the dotted unit circles in 
(bj rcpwsenting fh~ initial inrariani cur~c for all the 4 particles, 



Of course, the existence of new invariant cuwes does not necessarily imply the increase in 
emittance. It is the spread in betatron tune that leads to the emittance increase. The eventual 
emittance will be given by the area of the closed invariant curve of particle 4. When particle 1 
leads particle 4 bl slightly more than 7112 arriving at point A with particle 4 remaining at the 
original position, the fractional increase in area will reach roughly half the maximum. The 
number of turns h’, required is given b> 

duo 1 
49 = dA3AI,VI -i , > 1 

where AAt is the amplitude difference between particles 1 and 4. With the aid of Eq. (2.10), 

XL-- I 
1 &l.4”4A1 

(3.14) 

The maximum fractional increase in cmittancr (or area) can be obtained from Eq. (3.11); or 
Eq. (3.9) for all ~0, by integrating 5.4’ over i d$ and divided by r.42: 

A< U, sin Zsu, 
-2 
c 2.40 51n21ivo 

(3.15) 

where v+ in the denominator has been replaced bv vg. A simulation wxz performed by placing 
initially 201 particles evenly on a unit circle in the phase plane and tracked ior 10’ turns. The 
maximum spreads in z and p/u0 were iound 101 each turn. The area (or emittance) ~a5 defined 
by multiplying these two maximum spreads together and compawd with 4. The emittance 
computed in this ray fluctuated from turn to turn. but UF onlv recorded the emittance which 
was larger than that of the previous torn. Thr simulation was prrformrd with betatron tune 
uo = 0.4, perturbing tune I+,, = l,‘li?, detuning a = 0.001, kick amplitude &,, = 0.2. The 
results are plotted in Fig. 2. As expected from Eq. (3.15), the fractional increase in emittance 
reaches 0.004. \Ve therefore put I.41 = 0.001 in Eq. (3.14). giving N1 - 1.2 x IO5 turns 
to reach half maximum. This estimat?on is in rough agreement with the ;imulation shown in 
Fig. 2. 

NO. or parc,c,es 20,. lune 0 400. deluning 0 00100. k,Ck 0 2”““. fLrn 20 00 HZ 

Figure 2: Fraction growth in emitlancc plotted against turn number. showing the saturation 
of the growth as pwdicted. 



We want to point out that the fractional growth in emittance, as depicted in Eq. (3.15), 
is in fact proportional to the incremental kick per turn r~+,,, and the denominator exhibits 
resonances whenever u. = iv,,,, results (0 be expected physically. When the whole spectrum 
of perturbation frequencies is included, Eq. (3.15) becomes 

AC 
- z 

I 
dv,,, 

a, sin Zxv, 

t 2Ao sin’wo 
(3.16) 

The invariant curves for different values of no are given by Eq. (3.11). Take for example the 
situation of largest kick, no = 1/4v,. The shift in amplitude becomes 

e-g= 4 s>~~~~~vm [sin 4( cos 2 xvo-03s Zav,)+cos bsin 2ruo+sin 40 sin Z*v,] , 

(3.17) 
where we have replaced 40 + 27rNv, by 6. The shift in amplitude in Eq. (3.11) when no = 0 
is of 0(&,,r+,). However, when no = 1/4u,, the shift is of ~7(&,,) which is l/v, times bigger. 
In iact: the separation of invariant curves for the four particles with 40 = 0, ~12~ I, and 3x/2 
are still of O(&,,U,,,) just like Fig. lb. The only difference is that all the invariant curves have 
just been shifted upward by O(~L,) d ue to the perturbation amplitude. As a result, we can 
neglect v, in Eq. (3.17) and obtain 

p$ E= Q4++4 (3.18) 

A simulation with betatron tune uo = 0.4, perturbing tune u, = l/172, detuning a = 0.01, 
kick amplitude a,,, = 0.1 is plotted in Fig. 3. The fussiness of the plot is due to the close 
spacings of the invariant curves of the four particles stated above. 

Tune 0~400. delunrng 0~01000. k&c* 0.1000. r-m 20.00 HZ. k” 43 

Figure 3: Invariant curves for the samr 4 particles as in Fig. lb ahen thry are vieurd start- 
ing irom turn no = I/v, when the modulation amplitude is at a maximum. Although thp 
variations are much bigger than thosr in Fig. In. the spacings of (hr curves HTP thr same. 

4. Jostlein’s Beam-centering Scheme 

In the Jostlein’s bram-centering scheme,’ one beam is rotated about the other at an in- 
teraction p&l, and the resulting variation in luminosity serves to measure the amount and 



direction by which the two beam centers miss each other. In this situation, each beam acts on 
the other to first order like a moving quadrupole of focal length fQ = &/4aAvse, where Lwbb 
is the head-on beam-beam tune shift. On the j-th turn, each beam receives a kick 

ci., sin 2hj+, = y sin 2r:ju, , (4.1) 

where b, is the amplitude of the sinusoidal beam modulation. Note that in this consideration 
only the linear beam-beam effect has been t,aken into account. With the initial amplitude 
A,, = xma,/J& where z,“- is the transverse maximum radius of the bunch, the fractional 
growth in emittance from Eq. (3.11) becomes 

A< L 00 sin 2av, 

< Zmax 2fQ sin’lrvo 
(4.2) 

Take the SSC as an example. For linear bean-beam tune shill AL+* = 0.004, PO : 0.5 m at 
thr interact,ion poinl, modulation tune v,~ := l/172 (j,,, = 20 Hz), and betatron tune uo = 0.4: 
the growth in cmittance is found to bp 

AC ~~~~ _ 1.0 x ,” d!? , 
< ~mxr 

(4.3) 

which is irldrrd very small sincrl WC must rhoosc b, < z”,ax in practice. 
IV? can estimate the growth time. For the SSC, a typical value for nonlinear detuning is 

p :~ 18.0 m * furrnd bv Yan” in simulations using a full sprctrnm of random errors. If we use 
0 = 390 III, a vahle at the F quad, this translates intoonr dctuning a = & = 1.87 x IO4 m-1 
At 20 Try; thr rms bunch size is abrlut 0.12 mm al the F quad: thus .& -: 6.07 x 10~%nf. 
From Eq (X.1.1), thr fimr lo rrach half maximum growth is 7.21 x IO” x (znlal/b,,,) turns or 
5R x :c,,,,lb,,,) hours. ( 

If the Jostlein’s modulation is switched off abruptly, say: at turn number corresponding to 
no = I/4vm when thr modulation amplit~ude is largest, the beam will eventually smear out due 
to nonlinear tune spread. Thr growth in emittance will therefore be derived from Eq. (3.18) 
instead. eivinz 

Ar b, 00 1 bm 
6 %“a, JQ sin ““0 

= 0.026- , 
~mex 

(4.4) 

which is 2fi times larger. However, this smearing time is extremely long. It takes roughly 
(a;loZ~?)~ ’ = 1.1 x 10” x (x,,&bm) turns or 9.0 x (x,&b,) hours. Therefore. the offset 
hunch can al~~r-ays be kicked back easily la the ideal closed orbit, by an active kicker and no 
emitlancr growth due to nonlinrar tune spread will occur. 

5.0 Pert,urbation due to Ground Motion 

5.1 Quarry Bias/ 

‘l’herr is a qlliirr,! l,lnst, al, 1,111 !, mill~s away fI< ,m l,hr SS( rings, uhicll may br 5~~1 off srvrral 
t,imes in R w,rek. Tunnel sil,e rnrx~~remen~ ’ shows that the spectrum is peaked at 1 Hs and 
3 Ilr witll inIcgr:lt,cd ‘. 1’ .’ I 1 c r icd gritund rlisplnccmrnts’ 6y 1.13 and I .OH micrintls. respr~tively. 
I II? SSl’ c.vllid?r ‘i”f C<1”6iii~S or 90’: r1.11 or IcIlglh I, ‘26.5 III. Thr fucal Irnglhs elf th? 

quildTuj>,>l15 arc therrforr I, Li-I sin .15’ XO.i9 ni and j3 :: 3X1.1 m at thr F qua. Thr 
Iar,;,r,, I/l~l<ll/lii!iOll illll,~lillidl.r ;,I<’ 

~Y\‘,&‘il 

i 

x50 x ,,I~ 7 ,r,: 
a.“* II ~~ ~~~ 

f, 2.64 x lo~~‘mi 

According to Eq. (3.14) or Eq. (3.16), the fractional growth in emittance is 0.00600, nhcre a 
factor of JlOOO has been included to account for the - 1000 quadrupoles in the collider ring. 



The time required to reach half maximum, estimated from Eq. (3.14), gives 1.2 x 10’ turns 
OT 9.7 hours. Both the ground-wave peaks at 1 Hz and 3 Hz have a full width of about 1 Ha, 
corresponding to a correlation time of 7 - 2 set, for which the growth is extremely tiny. The 
quarry blast usually lasts for only 30 xc. The total growth is still negligibly small. 

However, at the end of a correlated wave, the beam can be kicked off-center, resulting in 
emittance growth due to nonlinear tune spread. If we average over the no in Eq. (3.7), the 
average amount of off-ccntvr shift after the abrupt end of a correlated wave is 

(AA) _ c -~--“11-~ x Jxjj: F,50 x 10-6 “74 , 
7r 5,” “U(, (5.2) 

which is of the same order of magnitude as Ao, the original size of the bunch. The smearing 
time is found to be 4.8 x 10” turns or 140 sec. Thus, an active damper can always be used to 
kick the beam back to its ideal orbit aroiding anv nonlinear smearing. 

5. 2 C’roasirrg 7iilin 

The hlidlothian train crosses the collider ring at a point where the tunnel depth is only 20 m. 
Site measurement’ shows a spectrum having 2 peaks at 3 Hz and 7 He with integrated vertical 
displacements’ Oy : 0.55 and 0.58 micron, respectively. The beam modulation amplitudes are 

+ri ~. 1.3-1 x ~l(IV7 and 1.42 x IO -’ m:. The fractional growth in emiltancc is 11.tK12321 where 
n fxtor of 10 has bren included lo represent the assumption that 10 nearby quadrupoles are 
affected by the train and they contribute equally. It takes 3.12 x 10R turns or about 25 hours 
to reach half maximum. A one-mile t,rain traveling at 30 mph will take about 120 set to CIOSS 
the ring. As a result,, the growth should be negligibly small. 

The peak at 1 Hz has a full width of 1 He and the one at 7 Hz has a full widlh of 12 Hz. 
‘Thr r<lrrelation time for t,hc two frequencies are therefore 2 and 0.17 set, respectively. Again 
abrupt. stopping of a correlated wave will throw- the beam off-center. But because of the small 
nonlinear tunr spread, smearing can br avoided by an active damper. 

.i.,‘i 1 mhirnl Cmu~rd Xoisc 

‘The ambient, ground noise measnrrd al several tunnel positians at diflerenl times varied 
over two (orders of rnagrlitudrs.4 The integrated axrage vertical displacement was found to 
I2 11.1115 ~nicrori haying a rvpicul fxquelici of 3 Hz,. 1Gar l(ICIO quwlrupolrs. the fractional 
grc~tvlh in vlnit,tancr is 5.78 x 1~” and the time 11, reach half maximum is 1.25 x III’~ turns 
or 1012 hours. Therefore, the growth will be negligible even for a duralion of a whole day. 
Again the beam offset due to abrupt stopping of a correlated wave can be restored to the ideal 
position through an active damper without introducing any nonlinear smearing. 
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